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In this paper, we study metrics of quantum states. These metrics are natural generaUzation of 
trace metric and Bures metric. We will prove that the metrics are joint convex and contractive 
under quantum operation. Our results can find important application in studying the geometry of 
quantum states and is useful to detect entanglement. 



PACS numbers: 03.67.-a, 03.65.Ta 

I. INTRODUCTION 

Let S{H) be the set of all quantum states on a Hilbert 
space H. Suppose we have two quantum states p, a. 
The trace metric is defined as: dt{p,(y) = ^Tr|p — a\. 
While the Uhlmann-Jozsa fidelity of p and a is defined 

by F{p, (t) = Try^ p^ ap^ . And the Bures metric is de- 
fined as dB{p,<j) = -^2 — 2F{p, a). Uhlmann-Jozsa fi- 
delity plays an important role in quantum information 
processing, see 

Let p be a quantum state. A positive-operator valued 
measurement (POVM) is defined as a set of non- negative, 
Hermitian operators Ek which are complete in the sense 
that J2k = I- While projection measurement (PVM) 
also requires that E^. are all projections, see 0]. 

Suppose we have two quantum states p, a. A family of 
metrics can be defined as follows: 

Definition 1 Q. Let p,a be quantum states. And 
suppose p is a fixed positive integer, then we can define 
a metric as follows: 

N 

dp{p,a) = sup{J2 l(TrpPfc)^ - (TraFfc)^|f)^ (1) 
fe=i 

where the supremum is taken over all finite families 
{P/c : k = 1,2, ...N} of mutually orthogonal projections 

such that J2k=i = I- And we call the projections Pk 
attaining the supremum in the equation (1) as optimal 
projections. 

In [3], it is shown that when p — 1, the metric 
di{p,a) = 2dt{p,(j) = Tr|p— cr|, that is, di{p,a) equals 
two times the trace metric; and when p = 2, the metric 
d2{p, a) = dsip, cr), that is, d2{p, a) equals Bures metric. 

The importance of the result of 0] is that it unified 
two important distances: trace metric and Bures metric 
in a common frame. 

In this paper, we will study the metrics introduced 
in Q and get a family of " brother " metrics, proved 
a majorization relation for metrics of states, also, our 
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result lead to a new fidelity measure and can be used to 
quantify entanglement. 

II. THE METRICS OF QUANTUM STATES 

First, we want to prove that whether the metric 
dp{p,a) is contractive under quantum operation. Recall 
that a quantum operation is a completely positive trace 
preserving (CPT) map. 

Theorem 1. (contractive of the metric under 
CPT map) The metric dp{p,a) is contractive under 
quantum operation for all p. That is, suppose T is a com- 
pletely positive trace preserving (CPT) map, and p, a are 
density operators, then we have the following inequality: 

dp{T{p),T{a))<dp{p,a). (2) 

Proof. Note that Af„ becomes a Hilbert space with 
inner product < X,Y >:= Tr(Xr*), AT, F G Af„. A lin- 
ear map T induces its adjoint map as: < T{X), Y >=< 
X,T*Y >. If T is a positive map, then the adjoint map 
T* is also a positive map. The trace preserving property 
of T means that T* is unital, that is, T*(/) = I. 

Now suppose Xk are optimal projections for quan- 
tum states T{p),T{a), so we get dp{T{p),T{a)) = 

(EI(TrT(p)Xfe)i - (TrT(a)Xfe)5|P)i 

k 

Let Yk = T*{Xk). Then Y^ > 0, and Y^^k = 
Y,T*{Xk)=T*{Y.{Xk))=T*{I)=I. 

k k 

So we have 

^|(TrT(p)Xfe)^-(Trr(a)Xfe)ir 
fe 

= ^|(Trpr*(X.))i-(Trc7r*(X,))ir 
fe 

= Y.\{TTpYk)-- - {TiaYt^t^y 
fe 

< dp(p,aY 

So we get dp{T{p),T{a)) < dp{p,a). 

Theorem 2. [dp{p,a)]P is joint convex if and only 
p — 1,2, that is means, for p ^ 1,2, [dp{p,a)]P is not 
joint convex. 

The proof is left in appendix. 
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III. A BROTHER METRICS 

We know that for p = 1,2, there are operatfonal forms 
for dp{p,a), i.e., ^1(^,0-) — Tr|/3 — crj, and d2{p,a) = 
a/2 — 2F{p, a), then we can get the value ol di{p, a) and 
d2{p, cr) directly from the matrix entries of p and a. How- 
ever, for other p, we can not enjoy this advantage, since 
dp{p,a) is defined via taking supremum of projections, 
so a natural question arises: just like p = 1, 2, can we get 
the operational form for all dp{p, a)? 

This problem is diSicult, and we leave as a future topic. 
What we want to say in this paper is that, we can intro- 
duce a new family of metrics, these metrics can be seen 
as brother metrics of the metrics dp{p,a), and have 
the advantages of easy to calculate. 

Definition 2. Similar to definition 1, we define 
Dpip,a) [Tii\p-p -a-^\P)]-p. 

Theorem 3. Let p, a be quantum states, then 
Dp{p, a) is a metric on S{H). 

Proof. It is easy to show that Dp{p,a) = Dp{a,p), 
Dp{p,a) > and Dp{p, p) = 0. If Dp{p,a) = 0, then 
\pp — CTP I = 0, so we get p = a. Recall that the Schat- 
tern p norm ||.||p for an operator y is defined as ([? ]): 

\\y\\p — [Tr(|y^|^)]^- Now we define two matrices yi and 
2/2, yi ■= P'' ,y2 ■= o'p. Then use the triangle inequality 
for the Schattern p norm ||.||p: 

\\yi - y2\\p < \\yi\\p + \\y2\\p = 2 
\\yi - ysllp < \\yi ~ y2\\p + ||y2 - yzWp 

So we get the triangle inequality for Dp. Then Dp{p, a) 
is a metric on S{H), theorem is proved. 

From {UDU^)'i' = UDpU^, we get that the metric 
Dp{p, a) is unitary invariant. 

In quantum information theory, Majorization turned 
out to be a powerful tool to detect entanglement. It was 
proved in Ref. [1] that any separable state p acting on 
(g) is majorized by its reduced state pA'- 

k k 

PA> p i.e. Vfc < d : ^ A,^-^^ > ^ A„ 

i=l 4=1 

where {Xi} and {A^"^'} are the decreasingly ordered 
eigenvalues of p respectively pA- 

Now We will give the following majorization relation 
for metric Dp{p,a): 

Theorem 4. li 1 < p < q, and p, a are density oper- 
ators, define the vectors X{\^- ^|'),A(|yp- -^|^) 
as the vectors of eigenvalues for | ■^1'', | 
then the following Majorization relation holds: 

A(i^-^r)-<^A(i^-^n (3) 

That is, A(|,9/p- ^|'') is majorized by A(| 
In particular, the following holds: 

{D,{p,a)r <{Dp{p,a)r (4) 



Proof.In Ando proved that if f{t) is a non- 
negative, operator-monotone function on [0,oo) and |||.||| 
is a unitary invariant norm, then 

\\\f{A)-fiB)\\\<\\\fi\A-B\)\\lA,B>0, 

Or in majorization words 

Xi\fiA)-fiB)\)-<^X{f{\A-B\)) 

P 

Since, for I < p < q, the function /(t) = i 9 is operator- 
monotone, it follows from 

A(|pf _af|)-(^ A(|p-a|f) (5) 

Consider the Schatten q-norm from equation (5) to get 

Tr(|pf -cr? |«) <Tr(|p-CT|P) (6) 

And replace p, a in (6) by pp , ctp respectively, then we 
finished the proof. 

Now we discuss the convex property of Dp{p, a). Sim- 
ilar to the proof of theorem 2, we get the following: 

{Dp{p, a)Y is joint convex if and only p = 1, 2. 

Now we will discuss if the metrics Dp(p, a) is contrac- 
tive under quantum operation. 

For p = 1, we know that Di{p, a) equal di{p, fi), so it 
is contractive under quantum operation. 

For p = 2, we know that {D2{p,a)f = [Tr(|p5 - 
a^H] = 2-2Tr(p^cr5). 

Uhlmann-Jozsa fidelity was widely studied, and plays 
a key role in quantum information theory, but it is not 
easy to calculate, so some alternative fidelity measures 
were introduced, see 0,01 and [llj. The new fidelity 
introduced in [§] , [l^l and [ll| are all proved to be a good 
fidelity measure. 

On the other hand, we know that Uhlmann-Jozsa fi- 
delity can be rewritten as c) — Tr|/92(T2|, that 
means, Uhlmann-Jozsa fidelity is the trace of the modu- 
lus of the operator p^a^. however, Tr(p2cr2) is exactly 
the trace of the operator p^a'^ . They only differ from a 
phase factor! 

So this leading to the following idea: if we define an- 
other fidelity, called A-fidelity in this paper, as 

FAip,a)^[Tv{^V^)]'. (7) 

Then we ask. can Fa (p, cr) be a good fidelity measure? 

The answer is yes. In fact, in @, the author show that 
Fa{p,(j) has the following appealing properties: 

Propertyl: CPT expansive property if p and 
a are density matrices, $ is a CPT map, then 
FA($(p),$(r7)) > FAiP:<j). 

Property 2: When p — \4'){(l>\ and a ~ are two 

pure states, Uhlmann-Jozsa fidelity and A-fidelity both 
reduce to the inner product, that is, F(p, a) = Fa{p, c) = 

Now we know that if p = 1 or p = 2, Dp{p, a) is joint 
convex and also is contractive under quantum operation. 
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We will show that these are the only two cases that 
satisfying CPT contractive property. 

For others p ^ 1,2, using the numerical method, we 
can get that Dp{p, a) is neither decreasing nor increasing 
under quantum operation. 

We conclude as following: Dp{p, a) is contractive under 
quantum operation if and only p= 1,2. 

To prove that for others p, [dp{p, is not joint con- 
vex, we necxl the following simple example. 

Example 1. When p ^ 1,2, and Let 

_ / 0.2 \ _ / 0-4 \ 

^ ~ 0.8 j ' \^ 0.6 j ' 

We can prove that [dp{p,a)Y' is not joint convex. This 
example also shows that [Dp{p,<j)Y is not joint convex 
for p^l,2. 

IV. CONCLUSIONS AND APPLICATIONS 

Our conclusion arc the following: 

1. For all p, dp{p,a) is contractive under quantum 

operation. 

2. [dp{p, a)]P is joint convex if and only p= 1,2. 

3. Dp{p,a) is contractive under quantum operation if 
and only p = 1, 2. 

4. [Dp{p, a)]P is joint convex if and only p = 1, 2. 
Since the metrics dp and Dp are natural generalization 

of trace metric and Bures metric, we wish that they can 
be used to study the geometrical structure of quantum 
states, and find their application in quantum information 
theory. 

We know that there are many entanglement measures, 
one of them is the geometrical entanglement measure. Its 
idea is based on the following: The set of all separable 
states is a convex set, denoted as S, if we have a state p, 
then the closer the state p to the set S, the less entan- 
gled it is. So the entanglement measure is defined as the 
minimal distance of the state p to any state of S: 

E{p) = mm D{p, a). 

Usually, we use Bures metric, that is, the metric d2, 
to get the geometrical entanglement measure, we wish 
that the metric D2 is also a good candidate for geometri- 
cal entanglement measure, this work will be done in the 
future. 

ACKNOWLEDGMENTS 

The authors thanks Prof. T.Ando for valuable discus- 
sions and great help. The proof of theorem 1 and the- 
orem 4 was with his help. The authors also thanks for 
valuable discussions with Prof.E. Werner and Prof.Q.Xu. 
This work is supported by the New teacher Founda- 
tion of Ministry of Education of P.R.China (Grant No. 
20070248087). J.L.Chen is supported in part by NSF 
of China (Grant No. 10605013), and Program for New 
Century Excellent Talents in University, and the Project- 
sponsored by SRF for ROCS, SEM. 



APPENDIX A: PROOF OF THEOREM 2 

Now we give the proof of theorem 2. 

Proof. For simplicity, we only discuss 2*2 density 
matrices p, a, there is no difficulty to prove the N * N 
case when apply the same method. 

First, we will give an inequality. Let Pi, P2, P3, P4 be 
2 dimension discrete probability distributions. Denote as 

Pi = {PiuP^2}, where P,i,P«2 > 0,P^1 +P^2 = 1,1 ^ 

1,2,3, 4. Then the following holds: for all < A < 1 and 

p = l,2, 

2 

^ |[APy + (1 - A)P2,]' - [APsi + (1 - A)P4,-]^r 

2 2 

<Al]|(Py)^-(P3,-)'r + (l-A)El(^2,)^-(P4,)^r 

3=1 j=l 

(8) 

For p = 1, the above inequality always holds, in fact, 
suppose Pi = {ai, l-ai},P2 = {02, 1-02}, P3 = {61, 1- 
61}, P4 = {62, 1 — &2}, then it follows from the absolute 
values inequality |A(oi — bi) + (1 — A)(a2 — 62)] < A|ai — 
bi\ + {1 ~ X)\a2 ^ b2\. 

For p = 2, problem reduces to prove that the function 
f{a,b) := |a2 — 62 p + Kl — a) 2 — (1 — &) 2 12 is joint convex, 
here < a, 6 < 1. We can get the Hessian matrix of 

f{a,b) as: H{f) = ( {^A, and C = l^^b^ + 

\ ha hb J 

1(1 _ a)-i{i - C = IL = -^-h-i - i(l - 

a)-Hl - b)-h, /; = Ib-iah + 1(1 - 6)-i(l - a)h. 

We know that the function f{a, b) is joint convex if and 
only if the Hessian matrix H{ f) is non-negative definite. 
And H{f) is non-negative definite if and only if f^^ > 

OJbb > 0,Cfbb - fabfba > 0, 0,.fbb ^ always 

hold, so we only need to prove f'^^f'^^ - f^jl^ > 0, This 
is equivalent to the following: a~2b^(l — 0)2 (1 — 6)^t -|- 
ah-i{l-a)-i{l-b)i > 2a-h-i{l - a)-i {1 - b)-i , 
And we know this holds from Cauchy-Schwarz inequality. 

Now we have proved inequality (8) for p = 1,2. We will 
use inequahty (8) to prove that for p = 1,2, {dp{p,a)Y 
is joint convex. 

Suppose Xk are projections and ^ Xk = I ■ Then 

k 

Tr(Api + (1 - A)p2)^fc,Tr(Aai + (1 - \)<J2)Xk and 
Tr(/)iXfc),Tr(p2Xfc),Tr(fTiXfc),Tr(c72Xfe) are all discrete 
probability distributions. 

Put the four probability distributions 
TV(piXfc),TV(p2^fe),Tr(c7iXfc),Tr(CT2^fe) in inequal- 
ity (8), we get E|[ATr(piXfe) + (1 - A)TV(p2Xfc)]5 - 
3 

[ATr(c7iXfc) + (l-A)Tr(a2Xfc)]i|P < AE l(Tr(/9iXfc))^ - 

3 

(Tr(aiXfc))5|P + (l-A)EI(Tr(p2Xfe))^-(Tr((72Xfe))^|P 

3 

Then take supremum in both sides of the above 
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inequality. Since the optimal projection for optimal projection for [dp{pi, (Ji)]^ and [dp(p2,cr2)]^, we 

[dp{Xpi + (1 — A)p25 AcJi + (1 — A)cr2))]^ may not be the can get the needed result. Theorem is proved. 
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